If we define the slowness curve by the normal vector of the material point of the crystal surface divided by the growth (or etching) rate of that point. Frank's theorem states that, in the course of crystal's growing or etching, each point of the boundary surface moves along its own straight line (or the characteristic line) which is parallel to the normal of the slowness curve. Since he didn't find out the speed of the crystal surface point advancing along this characteristic, the etched crystal shape can not be determined quantitatively. In this paper we derive the equation in explicit form expressing the surface moving speed along the characteristics in terms of the microscopic parameters (in atomic size) and variables such as step density, step flux, and step height. Not all the microscopic variables are measurable, so we have to drive certain equations relating the microscopic variables to the macroscopic ones (such as the orientations of the crystal boundary lattice plane, slopes of the characteristic lines, etching rates, and so on) through the kinematics theory of particles. One measurement of the macroscopic variables at any particular instant is enough to determine not only the etching (or growth) rates of the crystal but also the etched crystal shape of any subsequent instant.
INTRODUCTION
The equilibrium crystal shape can be determined by the minimization of the surface free energy subject to the constraint of fixed volume. The geometrical interpretation based on this first principle is known as the Gibbs-Curie-Wulff theorem (or Wulff's construction) [1~5] . Jaccodine [6] proposed an alternate approach for determining the equilibrium shapes of growing or etched crystals by minimizing the total "etch action" which is represented by the integration, (etch rate)dA
In atomic scale the crystal surface consists of terraces and steps as illustrated in Fig. 1 .
FIG. 1. Crystal surface consists of terraces and steps.
Since there is no variation in steps along z-direction, the crystal profile can be viewed to be composed of two-dimensional steps. In general, the 2-D crystal surfaces are represented by smooth or non-discontinuous curves as shown in Fig. 2 .
Fig. 2. Smooth and non-smooth representations of crystal profile
In Fig. 2 , the smooth dashed line represents the crystal surface from macroscopic point of view. Let k denote the step density (number of steps per unit length), then k can be viewed as a continuous function of position in macroscopic size rather than the discrete function in microscopic size.
FRANK'S THEOREM[7-9]
The growth or dissolution (etching) process of a crystal is considered as a progression of unit steps, each of high h , across an appropriate reference face of a crystal as shown in Fig. 3 . The speed of the steps movement is assumed to depend only on the density of the steps. Let q be the step flux (that is, the number of steps passing a boundary point of step density k in unit time. Then surface slope hk y x = = ∂ ∂, 
The theory is equally applicable to the dissolution or growth processes, the latter being represented by a negative value of h . From the above-mentioned assumption we have
KINEMATIC WAVE EQUATION
The equation governing the step density function of the crystal surface at any instant can be derived by using the stepconservation law (continuity equation). Referring to Fig. 4 ., the Step flux through differential area dx y Δ net step density flux through the differential area dx y Δ in the
where the expression ( ( , )) ( , ) q k x t q x t = is used. The step generation per unit time in this differential area is denoted by [ ( , ) ] k x t t dx y ∂ ∂ Δ . The conservation of steps states that the outgoing steps must be equal to the steps lost inside the differential area at that particular time. Hence we obtain the continuity equation as ( )
Initial curve
Step density profile in ( , , ) t x k -space By chain rule we have
where ( ) c k is called by Lighthill the "kinematic wave velocity." [10] , and ( ) v k q k = is the speed of an individual step. Equation (5) is a quasi-linear first-order partial differential equation [11] . The characteristics C of Eq. (5) in the ( , , ) t x k -space is the curve
The projection of the characteristics C on the ( , ) t x -plane is the trace C′ given by ( ) dx dt c k = . The parameter method is used to solve the characteristic equation (6) . Let the characteristic curve C on the step density surface ( , ) k x t is parameterized by τ and the initial curve B is by s . Then equation (6) can be rewritten as
The curve of initial crystal profile is
where 
where Eqs. (1), (2) , and (6) have been used. Equation (10) shows that the value of dy dx along the trace C′ shown in Fig. 5 is constant. The physical meaning of Eq. (10) is that when the crystal surface is smooth, the slope of a surface point represents the orientation of a lattice plane at that point with infinitesimal length, and the trajectory of the boundary point is a straight line.
SLOWNESS CURVES
Although a point on the crystal surface moves along a straight-line trajectory which corresponds to a characteristic, the slope of this trajectory is in terms of micro-parameter h and micro-variables k and q as shown in Eq. (10) , which are very difficult to be measured by micro-instrument. So it is almost impossible to use Eq. (10) to determine the surface movement. Frank defines the slowness curve which is formed by dividing the unit normal to the crystal surface by the velocity at that point. It will be proven that the trajectory of a point of given orientation on the crystal surface is parallel to the normal to the slowness curve at the point of corresponding orientation. The crystal surface in ( , , )
x y t space can be described by the equation ( , , ) ( , ) 0 x y t y y x t Φ = − = .
The outward normal to the crystal profile in ( , ) x y plane (that is, the projection of the surface ( , ) y x t onto the ( , )
The inward normal (for the dissolution case) is
The dissolution velocity measured normal to the actual macroscopic surface is defined as
Since the dissolution rate defined by (2) is measured normal to the y = constant plane, the dissolution rate n v can be obtained by using the equation (
The vector, whose magnitude is the reciprocal of this rate, and whose direction is normal to the macroscopic crystal surface, is ( ) 
Using (5b) the above equation becomes
The characteristic trajectory according to Eq. (10) is in the direction parallel to the vector:
It is clear that vectors e and F are orthogonal. This is so called two-dimensional Frank's theory. The central point of Frank's theory is that surface point of crystal moves along the characteristic line which is straight and its speed is constant. Frank's theory used the normal to the slowness curve to explain the moving direction of the surface points. But the premise of making the slowness curve diagram is that etching rates must be available in advance. Therefore, the drawbacks of Frank's theory are: (1) Equation (16) representing the characteristic trajectory is expressed in terms of micro-parameter h and micro-variables k , q , and c ; although h may be measured by STM, k , q , and c are not easy to be measured. 
SPEED OF CRYSTAL SURFACE ADVANCEMENT ALONG THE CHARACTERISTIC TRAJECTORY IN TERMS OF MICROSCOPIC VARIABLES
The etch rate has been assumed to depend only on step flux as defined by Eq. (2). Rewriting Eq. (1) as k y h x = ∂ ∂ , it is clear that the step density depends on the slope of the crystal surface ( ( ), ) y y x t t = . The basic postulate, i.e., equation (3), can now be written as
Therefore, the step flux also depends on the slope of the crystal surface, which means that the step flux depends only on the orientation of surface lattice plane of infinitesimal length. The normal dissolution rate given Eq. (12) by in terms of slope is ( )
Equation (18) 
where Γ corresponds to the trace C′ in ( , ) t x -plane which can be represented by ( ) x x t = or inversely ( ) t t x = . From Eqs. (1) and (2) 
Along the characteristic trajectory Γ the step density k is constant, so step flux ( ) q k and kinematic wave velocity ( ) c k do. Therefore, the speed of the crystal surface motion along Γ is constant. However, this speed τ is expressed in terms of a microscopic parameter h and microscopic variables k and q , and it is difficult to measure them, so they can not be used to evaluate the distance of crystal points advancing along Γ at any time interval.
SPEED OF CRYSTAL SURFACE ADVANCEMENT ALONG THE CHARACTERISTIC TRAJECTORY IN TERMS OF MACROSCOPIC VARIABLES
Along the characteristic trajectory Γ the step density k is constant, from Eq. (11) we know that the normal n to the current crystal surface is influenced only by the variable k ; therefore, the normal to the crystal surface at the point advancing along Γ is all the same at any instant as shown in Fig. 8 . If a surface point is considered to move along the path Σ normal to the crystal surface, We don't know whether the speed and the unit normal vector along Σ are still constant. These micro-parameter h and variables k and q will reflect on the crystal shape ( ) y f x = , the normal etching rate n v , and the change of n v with respect to the change of orientation of the surface represented by n dv df ′ . The initial crystal profile Π is given
, the step density on Π can be determined as
Because along the characteristic trajectory Γ , the step density is constant, that is,
Then step flux given by Eq. (12) can be written as
Equations (10) and (20) show that in order to evaluate the slope of and the speed along the characteristic trajectory Γ we must determine the value of the kinematic wave velocity ( ) c k first. ( )
So the kinematic wave velocity expressed in terms of macrovariables is
The substitution of Eq. (25) into Eq. (10) gives the slope of the trajectory
The substitution of Eqs. (22) and (25) 
Now we consider the case where the initial crystal surface is a straight line, i.e., 
The tangent vector to the trajectory Γ is ( )
, so the trajectory Γ is parallel to the normal to Π .
The speed τ along Γ becomes
ETCH RATE OF LATTICE PLANE
This section treats the case where both the initial and etched crystal profiles and their first derivatives are continuous. Given any point Q on the etched crystal surface, draw the tangential line through Q , and find the point P on Π such that its tangential line is the same as that of Q as shown in Fig. 8 
Then using Eq. (26) gives the other algebraic equation in the form
Equation (32) can be rearranged as
Substituting Eq. (33) into Eq. (27),we obtain
We will discuss the geometric meaning of the etch rate n v . Let t denote the unit vector of the characteristic line. Then the unit normal, n , to the crystal surface and the vector t expressed in terms of macro-parameter and macro-variables are ( )
Notice that in Eq. (11) n is expressed in terms of microparameter and micro-variables. Taking inner product of n and t gives ( )( )
Comparing this with Eq. (34), we find that n v is projection of the velocity of moving surface point along the characteristics onto the unit normal vector of the crystal surface as
Once the ( ) τ n given by Eq. (30) and θ are measured experimentally, we can calculated etch rate n v from Eq. (36). This means that, if the initial crystal contour and the crystal shape after etching of any time interval are known, we can obtain the etch rates simply form the graphs of the two crystal shapes and the formulation derived here. If the crystal has a bump of step density somewhere, the original smooth profile may develop a discontinuity of slope there [12, 13] . For an anisotropic etching a Si(100) wafer has a semi-cylindrical cavity as the initial profile as shown in Fig. 10(a) . After a short duration of etching the partially continuous and partially polygonal profile appears as shown in Fig.10(b) . Finally, a completely polygonal profile comes out as shown in Fig. 10(c) . The characteristic method proposed here is only applicable for the region where crystal profile is continuous. For the plane region the characteristic line is parallel to the normal vector of the surface and the plane remains plane for the subsequent etching. The etch rate of this lattice plane can determine by other methods. 
EXPERIMENTAL RESULTS
We used HNA ( ) angles. In the 20-minute etching profile, if we find out a tangential vector which is parallel to that in the profile of 10-minute etching, then we draw a straight line to connect these two points, the resulting line segment is the characteristics. These characteristics are represented by EF , IJ , MN , QR, VW , and Za . It is found that the three characteristic lines, EF , FG , and GH , for three sequential etching time intervals, are almost parallel (or in a line). This verifies the theoretical result that the characteristic curve is a straight line. Figure 13 shows that the characteristic lines are not parallel to the normal vectors of the crystal surface, which agrees well with theoretical prediction. The angle θ between the normal and the characteristics is measured directly from the experimental curves through microscopes and is sown in Table   1 . The macro-parameters τ , S , f ′ can also be measured from the graphic data. Then we can use these data to calculate the etch rate n v , and micro-parameters such as the kinematic
and hq (the dissolution rate normal to the reference surface defined by Eq. (2)), they are tabulated in Table 2 . The unit of 
CONCLUSIONS
Frank's theory can gives only the conceptual description of crystal growth or dissolution, and fails to determine the etch rates and the crystal shape after etching (or growing).By linking the microscopic physics of step density and step flux to the macroscopic physics of surface point advancement, we can express the etch rate (or growth rate) from in terms of microparameter and variables to in terms of macro-ones. From the two crystal profiles, one is the initial profile, the other is the crystal profile after etching of any short duration, we can get the information about etch rate, the direction of characteristic line, and the speed of surface points along the characteristic line. With these data in hand we can not only predict the crystal profile for any subsequent etching, but also determine the micro-parameters such as microscopic kinematic wave velocity and speed of individual step. If step height can be measured, the micro-variables such as step density and step flux can also be determined, which will be helpful in understanding the physical mechanism of the atomic interaction between the etching solution and crystal.
